Abstract. One of the most important results in mathematical gauge theory is the associating between smooth left G-actions and smooth fiber bundles with complete general connections. In this paper we will approach this fact from a functorial point of view. With this, one can get a categorical equivalence for principal bundles with principal connections and we will give a complete characterization of it when one use linear representations under some topological conditions. MSC 2010: 18F15; 55R35.
Introduction
The study of principal bundles is one of the most important subjects in differential geometry; for example the frame bundle of a Riemannian manifold reflects different ways to give an orthonormal basis for tangent spaces. Principal bundles play a special role in theoretical physics as well since all field theories are based in gauge theory gtvp [B] , dg [RS] . Given a principal G-bundle with a principal connection, to every smooth left G-action on a smooth manifold F we can associate a fiber bundle with a complete general connection. Evenmore, to every linear representation of G there is a vector bundle with a linear connection. Above mentioned is important in physics, but from a mathematical point of view, this association is functorial; in other words, taking a principal G-bundle over a smooth manifold M with a principal connection, (ζ, ω), one can define association functorŝ
where G MF denotes the category of smooth left G-actions on manifolds, FBM ν is the category of fiber bundles over M with complete general connections, Rep G is the category of linear representations of G and VBM ∇ is the category of vector bundles over M with linear connections.
One of the most important contribution to the study of these kind of functors was made by Nori Madhav V. in nori [N] , but this paper was developed in the framework of algebraic geometry. The purpose of this work is to show properties ofÂ (ζ,ω) and A (ζ,ω) , specifically we will develop a differential geometric version of the first part 1 of nori [N] considering principal connections as well, that is, we will prove that the category of principal G-bundles with principal connections is equivalent to the category of functors between G MF and FBM ν that satisfy certain properties. Also we will prove an equivalent statement for the category Date: July 25, 2019. 1 The second part of nori [N] is about the study of essentially finite vector bundles.
of functors between Rep G and VBM ∇ and we going to give a characterization of the image on objects and on morphisms of the functor A (ζ,ω) under some topological conditions on G and M.
Talking about categories and functors always involves natural constructions and it provides a common language. Despite of this, there are few works in differential geometry that try to approach the subject in the framework of category theory, for example nodg [KMS] , jlee [L] and pt [SM] . In particular this happens with mathematical gauge theory. The importance of this paper lies in two notions. The first one is the fact that we get a categorical characterization of principal bundles with principal connections. Moreover, this implies that the process to relate fiber bundles or vector bundles with complete connections or linear connections to principal bundles with principal connections is an intrinsic algebraic property. The second one is that under topological conditions we know completely how A (ζ,ω) operates in objects and morphisms, which is always useful for any functor. Evenmore this is important since, for example one defines the spin bundle as the image of A (ζ,ω) using a spin structure as a principal bundle (which does not always exist spin [LM] ) and in quantum field theory, objects on the image of this functor define Yang-Mills Models dg [RS] . Also, having an algebraic framework is always useful when we try to generalize the theory, specially if one want to translate differential geometry into non-conmutative differential geometry. An interesting way in research is verifying if all properties ofÂ (ζ,ω) and A (ζ,ω) exposed in this work have an analogous in the framework of non-conmmutative geometry, particularly, in the line of research shown in
[D2] and micho3 [D3] . Getting a correct analogous theory for these functors could mean that we are in presence of a really natural definition of quantum bundles with quantum connections. Furthermore one can check, if this theory for the functors implies a change in non-conmmutative Yang-Mills models or not.
To accomplish our purpose, this work consists of four sections. The second one is about notation and basic concepts. The third one is about the functorÂ (ζ,ω) and the last one is about A (ζ,ω) . All our manifolds are Hausdorff, second-countable, smooths and finite dimensional. All our bundles, (left and right) actions, maps and curves are smooth as well. (G, ·, e) will always be a Lie group and we will denote by (g, [−, −] ) its Lie algebra, where [−, −] is the Lie bracket of g. In pt [SM] one can find a work similar to the one presented in this paper, but using the parallel transport of a connection.
Notation and Basic Concepts
We will denote a principal G-bundle over a manifold M as a quatrain ζ = (GM, M, π GM , * ), where (GM, M, π GM ) is a fiber bundle with total space GM, base space M (typical fiber G) and bundle projection π GM , and * GM is the right G-action * :
Given a principal G-bundle ζ we will denote the fiber of GM over a point p ∈ M by G p M.
The automorphism bundle of ζ is the Lie group bundle ζ Aut = (Aut GM, M, π Aut ) defined by
and the bundle projection π Aut : Aut GM −→ M, ψ p −→ p. In particular the automorphism Lie group bundle comes along with a Lie algebra bundle ζ aut = (aut GM, M, π aut ), where
aut p GM is the Lie algebra of Aut p GM and the obvious bundle projection π aut . Given a principal G-bundle ζ and a manifold F with a left G-action λ, we can define a right action on GM × F by means of
Considering the quotient F M by the action ⋆ (which is proper and free) on GM × F , and the map
one gets that ζ λ := (F M, M, π F ) is a fiber bundle (with typical fiber F ) and it is usually called the associated bundle of ζ with respect to λ. It is well known that if λ α is the natural left G-action on the vector space V inducded by a linear representation α :
is a vector bundle in a natural way.
. Ψ g induces a canonical left G-action Ψ on G and then ζ Ψ is isomorphic to ζ Aut as Lie group bundles. On the other hand taking the adjoint representation on g, Ad g := d e Ψ g for all g ∈ G, we have that ζ aut is isomorphic as a Lie algebra bundle to ζ Ad . Clearly for F = G and µ(g, g ′ ) = g · g ′ one gets that ζ µ is isomorphic to ζ as fiber bundles by the map [ x, g ] −→ x g.
Definition 2.2 (Principal Connections).
pconex There are at least three equivalent definitions of the concept of principal connections on a principal G-bundle ζ, which we will be using indiscriminately in this article:
(1) A principal connection on ζ is a general connection (smooth choice of a horizontal bundle with total space Hor GM ), ν ω , such that for all x ∈ GM and g ∈ G d x r g ( Hor x GM ) = Hor x g GM ,
We will denote a principal G-bundle with a principal connection by (ζ, ω). It can be proven that all principal connections are complete. Thus, using ω it is posible define a complete general connection ν ω λ on the induced bundle ζ λ by means of the following diagram
where dρ is the differential of the canonical proyection ρ of GM × F into F M, (ρ V ) ω is the projection to the vertical bundle of GM and analogous to (ρ V ) ω λ . We will say that ν ω λ is the connection induced by ω. 
This action is known as the infinitesimal action associated to λ.
From this point until the end of the this section, we will assume that V is a K-vector space (K = R or C) and α : G −→ GL(V ) is a finite dimensional linear representation of G. Under these conditions it is easy to show that the induced connection is linear, so:
Definition 2.4 (Induced Linear Connections).
indco Let (ζ, ω) be a principal G-bundle with a principal connection and let ζ λα be the associated bundle of ζ with respect to λ α . We define the induced linear connection of ω as
Even more it is not difficult to prove that for every Y ∈ Γ(T M) and σ ∈ Γ(V M),
] for all p ∈ M and X x ∈ T x GM is an horizontal lift of Y p at some x ∈ G p M with respect to ω. The following theorem is one of the most importants in Gauge Theory and it will be useful at the end of this work. 
Proof. Considering the canonical projection map ρ :
] is a diffeomorphism with its image, so let us define
wherex −1 x denotes to the unique element of G such that x =xx −1 x. It can be proven that the map gp
As an example of Theorem gprince 2.5, if V = g and α = Ad, we know that ζ Ad is canonically isomorphic to ζ aut and by the last theorem we get that
where Ω ω is the curvature form of ω. To finish this section, in the spirit of the last theorem we have Proposition 2.6 (Action of Curvature).
3. The functorÂ (ζ,ω) This section is a smooth version of the first part of nori [N] in which we will considering connections as well. The purpose is to show that all previous constructions are functorial and develop them in this framework. First of all we are going to define FB F , ν as the category of fiber bundles with typical fiber F and complete general connections. Objects in this category will be denote as pairs (ζ, ν), where ζ = (F M, M, π) is a fiber bundle and ν is a complete general connection on ζ. Morphisms in this category are pairs (F, f ) such that F is a map between the total spaces, f is a map between the base spaces, they satisfy π 2 • F = f • π 1 , where π 1 and π 2 are the bundle projections of the corresponding bundles, and F preserves connections. These kind of morphisms are usually called bundle morphisms of type II compatible with connections. Also we will define PB G, ω as the category of principal G-bundles with principal connections. Morphism in this category are principal G-bundle morphisms of type II compatible with connections (that means F must be G-equivariant as well).
Given an arbitrary category C, we will denote by Obj(C) the class of objects of C and by Mor(C) the class of morphisms in C. Furthermore, given c 1 , c 2 ∈ Obj(C), we going to denote by Mor C (c 1 , c 2 ) the class of all morphisms in C between c 1 and c 2 .
Theorem 3.1 (Nonlinear Association Functor).
nlass Given λ a left G-action on a manifold F , there exists a covariant functor between PB G, ω and FB F , ν .
). Let us consider the fiber bundles with complete general connections (ζ i λ , ν
We claim that (
where ⋆ i is the action on GM i × F that gives rise to F M i , for i = 1, 2 (see Equation
is a bundle morphism between ζ 1λ and ζ 2λ . Now we just need to prove that this morphism is compatible with the connections. In fact, by diagram ( diagram1 2) we know
In this way one can obtain a covariant functor
such that on objects is
Given a Lie group (G, ·, e), one can take G MF, the category of left G-actions on manifolds. Objects in G MF will be denoted by λ : G×F −→ F or just by λ. Also given a manifold M, one can take FBM ν , the category of fiber bundles over M with complete general connections.
We are thinking that all morphisms in FBM ν are bundle morphisms of type II of the form (F, id M ). Proof. LetT ∈ Mor G MF (λ 1 , λ 2 ). Let us consider the fiber bundles with complete general connections (ζ λ i , ν
), for i = 1, 2. In an analogous way to the previous theorem we can get a well-defined map FT given by
and by construction and diagram ( diagram1 2) (in a similar way to Theorem
With this one can get a well-defined covariant functor
The functorÂ (ζ,ω) has many useful properties and in what follows and until the end of this section we going to check some of them.
The proof of the each following four statements is trivial, if one considering our previous constructions; therefore we will omit them. We will do a deeper study of properties 1, 2 and 4 in Proposition assprop Let (ζ, ω) be a principal G-bundle over M with a principal connection. Then
(2) The actions of product functors on G MF and FBM ν induce a canonical natural isomorphism betweenÂ (ζ,ω) and itself.
Due to the fact that the isomorphisms in Proposition assprop 3.3 are canonical, from this moment until the end of this section, we are going to identifŷ
and
. Given a Lie group G and a manifold M, one can considering PBM G, ω , the category of pricipal G-bundles over M with principal connections and principal G-bundle morphisms compatible with connections.
The next property will be really useful for our purposes as we going to see at the end of this section and at the end of the next one:
Proposition 3.4 (G-Principal Bundles and Association Functors).
) is an isomorphism. In this way takingT ∈ Mor G MF (λ 1 , λ 2 ), one gets by construction
where we have consideredÂ (ζ,ω) 
. By the last diagram one can define a natural transformation
given by
Since F (λ) is an isomorphism of fiber bundles with connections for every λ ∈ Obj( G MF ), the functorsÂ (ζ,ω) andÂ (ζ ′ ,ω ′ ) are naturally isomorphic. Reciprocally, ifÂ (ζ,ω) andÂ (ζ ′ ,ω ′ ) are naturally isomorphic, taking Let (H, ·, e H ) be a Lie group and M a manifold. We can consider BMC H , the category whose objects are bundle morphisms compatible with connections K between (ζ × ζ triv H , ν × ν triv ) and (ζ, ν), where ζ = (F M, M, π) is a fiber bundle over M and ν is some complete general connection on ζ; and whose morphisms are bundle morphisms compatible with connections k such that
Also one can define G MF H , the category whose objects are pairs (λ left , λ right ), where λ left : G × F −→ F is a left action, λ right : F × H −→ F is a right action and they commute with each other, for some manifold F ; and whose morphisms are maps G-equivariant by the left and H-equivariant by the right at the same time. With this in mind we can formulate an important property ofÂ (ζ,ω) .
3.5 Proposition 3.5. Let (ζ, ω) be a principal G-bundle over M with a principal connection, 
then there exists a bundle morphism compatible with connections between
). 
This construction induces a covariant functorĀ from
must be a bundle morphism compatible with connections.
3.3 and the fact thatÂ (ζ,ω) is a covariant functor, we can conclude that
whereÂ (ζ,ω) (f ) is compatible with the connections. In this way there exists a covariant functor
We have already seen some properties ofÂ (ζ,ω) and in the next section we going to see other properties of a restriction of it. Please note that in the proof of Proposition 3.5
3.5 we did not use the explicit definition ofÂ (ζ,ω) , just Proposition assprop 3.3. This is not just a coincidence as we will see in the following theorem: Theorem 3.6 (Natural Transformations). 
T (θ) ). (3) The actions of product functors on G MF and FBM ν induce a canonical natural isomorphism betweenF and itself. Then there exists a unique (except by isomorphisms)
Proof. Just like we did forÂ (ζ,ω) , properties 2 and 3 allow us to identifŷ
for some manifold GM (and typical fiber G by property 1). Taking
by properties 2 and 3 one gets that
It is easy to check µ ∈ Mor G MF (µ × µ triv , µ), so one can define * :=F(µ) :
and it is a bundle morphism compatible with the connections. It follows
where Hor GM is the horizontal bundle associated to ν ω and the map r g : GM −→ GM is given by r g (x) = x g. Moreover, one can define ψ ∈ Mor G MF (µ × µ triv , µ × µ) by
Thus by property 3 one can verify that
gives to ζ structure of principal G-bundle. Moreover with this structure ν ω is a principal connection on ζ.
Let λ : G × F −→ F be a left G-action on F . We can takê
Then σ lefti conmutes with σ righti , so (σ lefti , σ righti ) ∈ Obj( G MF G ) for i = 1, 2. Even more
is an isomorphism in G MF G between (σ left1 , σ right1 ) and (σ left2 , σ right2 ). Due toF satisfying Proposition 3.5 3.5 (with an anlogous proof), if F is the functor between G MF G and BMC G induced byF, we get that
is a fiber bundle isomorphism compatible with the connections such that
. The quotient of GM × F by the action ⋆ is F M and the connection induced by ν ω × ν triv on ζ λ is exactly ν ω λ . Since⋆ is a proper free action, its quotient GM × M F M /G, is a manifold and one can show that
is an isomorphisms between
where
and ν⋆ is the connection induced by ν ω ×ν. Finally the commutative diagram diagram2 4 tells us that F(f ) factors through the quotient. Thus denoting by [F(f )] the map on quotients induced byF(f ), we get that
is an isomorphism betweenÂ (ζ,ω) (λ) = (ζ λ , ν ω λ ) andF(λ) = (ζ,ν). By properties 2, 3 and the fact thatF is a covariant functor, it can be proven that nt :Â (ζ,ω) −→F given by nt(λ) = Z λ , is actually a natural transformation and since for every λ ∈ Obj( MF G ), nt(λ) is an isomorphism, we conclude thatF is naturally isomorphic toÂ (ζ,ω) . Acoording to Proposition There is a little problem with Theorem natra 3.6, because, if λ is given by a linear representation, then we know thatÂ (ζ,ω) (λ) has a natural structure of vector bundle with a linear connection, but in generalF(λ) may not have this structure and the morphism [F(f )] may not be a vector bundle morphisim. This problem will be solved in next section.
Let us denote by CFUN the category whose objects are of all covariant functors between G MF and FBM ν that satisfy hypotesis of Theorem natra 3.6 and whose morphisms are natural transformations nt such that (1) nt(λ
3.7 Theorem 3.7. PBM G, ω is equivalent to CFUN.
Proof. The theorem follows from all our results, if we define the covariant functor
A : PBM G, ω −→ CFUN such that on objects it isÂ (ζ, ω) =Â (ζ,ω) and on morphisms it isÂ (F ) = F , where F is the natural transformation defined in Proposition biybundass 3.4; and the covariant functor
such that on objects it isÂ −1 (F) =F (µ) (with the structure of principal G-bundle shown in Theorem natra 3.6) and on morphisms it is:
Of course there are analogous results to those shown in this section, if one forgets the connections, i. e. for the functorÂ ζ : G MF −→ FBM.
The functor A (ζ,ω)
In this section we going to restrict us to just consider G-actions induced by linear representations of G. With this restriction arises more properties that we will analyze, in particular, we going to give a characterization on objects and on morphisims under certain topological conditions. We will denote by Rep G the category of finite dimensional linear representations of G and we going to represent objects in Rep G as α : G −→ GL(V ) or just by α. Given a manifold M, VBM ∇ will be the category of vector bundles over M with linear connections (considering both categories over the same field: R or C). Morphisms in VBM ∇ are vector bundle morphisms compatible with connections. Proof. We know that a linear representation α of G on V induces in a natural way a left G-action λ α : G × V −→ V and in this case, the associated bundle is a vector bundle in a canonical way and the induced connection is linear (see Definition indco 2.4). Thus the desired functor is justÂ restricted, i. e.
The first and third part of Proposition assprop 3.3 are true for A (ζ,ω) as well considering the trivial linear connection and subrepresentations respectively.
Let H be a proper Lie subgroup of G, (ζ, ω) a principal G-bundle with a principal connection and let ζ H = (HM, M, H, π| HM , * | HM ×H ) be a parallel reduction of ζ with respect to ω. Let us consider a non-trivial linear representation of G α : G −→ GL(V ), such that α| H is the trivial representation of H on V . Then one can prove that A (ζ,ω) (α) = (ζ λα , ∇ ω ) is canonically isomorphic to the trivial vector bundle with trivial linear connection, although α is not trivial. This prove that the reciprocal statement of the first part of Proposition assprop 3.3 is not true. As a corollary we get 4.2 Proposition 4.2. In general A (ζ,ω) is not injective in objects and henceÂ (ζ,ω) is neither.
Of course the fourth part of Proposition assprop 3.3 is still true for A (ζ,ω) . Surjectivity on objects and on morphisims will be checked later. For now it is important to remember that in Rep G and VBM ∇ have defined more smooth endofunctors and endobifunctors than just product functors. A (ζ,ω) satisfies an analogous statement to the second part of Proposition assprop 3.3 (remember that in the context of Rep G and VBM ∇ , the product becomes in direct sum and Whitney sum, respectively). Even more Proof. The proof follows by our previous constructions just like the proof of Proposition assprop 3.3. Despite of this and since we will work explicitly with Hom-bundles later, we are going to prove this proposition for Hom on objects.
Let α i : G −→ GL(V i ) be a linear representation of G, for i = 1, 2. These representations induce in a natural way a linear representation of G on the vector space Hom(V 1 , V 2 ), namely
, where s ∈ Γ(V 1 M). Thus we get that (ζ Hom , Hom ∇) is a vector bundle with a linear connection. Let us define
where Hom(V 1 , V 2 )M is the total space of ζ λα Hom and
with x ∈ G p M and where x −1 1 x denotes the unique element of G such that x = x 1 x −1 1 x. An easy calculation using Equation
Hom ∇)) is an ismorphism and proposition follows.
Also A (ζ,ω) preserves associativity and commutativity of the endofunctors that have one of this property (or both) and the proof follows from defintion of A (ζ,ω) . Using Proposition Given (ζ, ω) a principal G-bundle with a principal connection, let us consider two linear representations of G,
G is a subspace, on which G acts trivially, so we have a subrepresentation of α Hom ec.5 ec.5 (5)
which is trivial. Since A (ζ,ω) satisfies Proposition assprop 3.3, ζ λ Hom G is a trivializable vector subbundle of ζ λ Hom such that ∇ ω Hom G is just ∇ ω Hom restricted to its sections and it is the trivial linear connection under this trivialization, where 4.6 Proposition 4.6. ζ λα H is the maximal vector subbundle of ζ λα such that ∇ ω is trivial on its sections, where
Proof. By definition of α H and since (ζ H , ω| T HM ) is a principal H-subbundle with principal connection of (ζ, ω), one can get that (ζ λα H , ∇ ω| T HM ) is a vector subbundle with linear connection of (ζ λα , ∇ ω ) (i. e. ∇ ω| T HM is just ∇ ω restricted). In order to prove that ∇ ω is trvial on this subbundle and it is maximal with this property, we going to verify if σ ∈ Γ(V M) is a parallel section, then σ takes values on V H M, where V H M is the total space of ζ λα H and V M is the total space of ζ λα . Let σ ∈ Γ parallel (V M) and q ∈ M. Given c : [0, 1] −→ M a curve with c(0) = q, we can consider the parallel transports on (ζ λα , ∇ ω ) and on (ζ H , ω| T HM )
and it is connected with x by some horizontal lift of a curve c ′ : [0, 1] −→ M with c ′ (0) = p and c ′ (1) = q. We get that for all t
, where the last equality is because σ is parallel. In particular this happens for t = 1. For any h ∈ H = cl(F y (Hol 
This implies that v = α(h)v for all h ∈ H, so v ∈ V H and therefore
With all these we have 4.7 Proposition 4.7. Let (ζ, ω) be a principal G-bundle over a connected manifold M with principal connection. If
Proof. Let α i : G −→ GL(V i ) be a linear representation and one can take of G and 4.6, we get that (ζ Hom G ,
is the maximal vector subbundle of (ζ Hom , Hom ∇) such that Hom ∇ is trivial on its sections (doing the necessary identifications). But this implies that all parallel sections of ζ Hom take values on Hom(V 1 M, V 2 M) G , the total space of ζ Hom G . Thus
and hence the proposition follows.
The next proposition answers the question, whether A (ζ,ω) is surjective on objects, at least under topological constraints. 
where gM is the total space of ζ Ad , with A (ζ,ω) (Ad) = (ζ Ad , g ∇ ω ) (using Equation 6 6 one can prove that ζ Ad is canonically isomorphic to ζ aut = (aut GM , M, π aut ) as Lie algebra bundles), which satisfies
where [−, −] is the Lie bracket of g and 
Proof. Let us suppose that
It is enough to prove the statement for (ζ λα , ∇ ω ). (1) Since V is a vector space, the infinitesimal action l α associated to the action λ α (see Definition infact 2.3) has image on V . Also let us remark that l α is G-equivariant (with respect to Ad and α). In this way l α induces Ξ : gM ⊗ V M −→ V M such that in the basic terms is given by
withx = x g. Since α is a linear representation, we know that its differential at e is a Lie algebra representation, which is the map ξ −→ (v −→ l α (ξ, v)), so together with the structure on the fibers, it follows that Ξ is bilinear and for each p ∈ M, Ξ p meets all requirements.
] for all p ∈ M and some x ∈ G p M. This implies that for the map
with X x the horizontal lift of Y p at x. But by the chain rule we conlclude
. Reciprocally let us suppose that there exist a map
which satisfies the 3 points. For a fixed x ∈ GM with π GM (x) = p, let us consider the Lie group isomorphism F x defined in equation ( ec.6 6). Together with Ξ p one gets a Lie algebra representation of g
, Since G is simply connected, there exists a unique linear representation of G,
and we will denote by V M its total space. In order to prove the statement it is enough to prove that there exists a parallel section of the Hom-bundle ϕ ∈ Γ parallel ( Hom(V M, V M ) ) which is a linear isomorphism at one and hence at every point of M, where V M is the total space of ζ λ α x . As we have already seen, there is a map
which satisfies the three points of our hypothesis. Let us define 
Yq (t) = exp q (tY q ) and P ∇ c
Yq (−, t), P ∇ ω c Yq (−, t) are the parallel transports along c Yq on ( ζ, ∇), (ζ Ad , g ∇ ω ) and (ζ λ α x , ∇ ω ) respectively. By construction all these maps are linear, if we fix p. Using point 2 of our hypothesis we get that for all t 
(1)F satisfies hypotesis of Theorem natra 3.6 (2) Let λ 1 and λ 2 be left G-actions induced by linear representations α 1 , α 2 and let λ be a left G-action on some manifold F . IfT ∈ Mor G MF (λ 1 × λ, λ 2 ), then
is a vector bundle morphisms fixing elements of F M , where V i M is the total space of F(λ i ) = F(α i ) for i = 1, 2 and F M is the total spaceF(λ).F satsisfies a similary statement as well, ifT ∈ Mor G MF (λ × λ 1 , λ 2 ).
Then there exists a unique (except by isomorphisms) (ζ, ω) ∈ Obj(PBM G,ω ) such that, such that F is naturally isomorphic to A (ζ,ω) .
Proof. The theorem follows from the proof of Theorem natra 3.6 because of our new hypothesis assures us that [F(f ) ] is an ismorphism of vector bundles with linear connections.
Let us consider CFUN, the category whose objects are of all covariant functors between Rep G and VBM ∇ that fulfill the hypoteses of Theorem 4.11 4.11 and whose morphisms are natural transformations that have an unique extension to a natural transformation on CFUN. Our final theorem is a combination of Theorem 
3.7:
4.12 Theorem 4.12. PBM G, ω is equivalent to CFUN.
